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Coursework 5 — Solutions
Exercise* 1. Suppose that u, v, and w are vectors in a vector space with
ut+v=w-+v. (1)
By (A4) there is an element —v with v 4+ (—v) = 0. Thus

u & ut 0@ uy (v+(—v)) (2 (u+v)+(—v)

A A
L (WH+v)+(=v) = w+ (v+ (—V)) Dwt+0w.
Exercise* 2.

(a) S = {(1,3,75)” s,t € ]R} is not a subspace of R?, since every subspace must contain the
zero vector, but (0,0,0) & S.

(b) S ={(rs,t)7|rsteRandr+2s—t=0} is a subspace of R®. To see this note that
(0,0,0)T € S, so S is not empty. Moreover, if x; = (ry,s1,t;)7 € S and xy = (ro, 59, 2) € S
then 7“1+281 —tl =0 and 7“2+282—t2:0, SO

T+ T
X1+ X9 = | 81+ S92 ES,
t1 + 1o

since (r1 + o) + 2(s1 + S2) — (t1 +t2) = (11 + 251 —t1) + (ra + 259 —t2) =040 = 0.
Furthermore, if x = (r,s,¢)7 € S and « is a scalar, then 7 + 25 — ¢ = 0 and

ar
ax=|as| €8
at

since ar + 2as —at = a(r+2s —t) = 0.

(c) S = {(r,s,t)T‘ r,s,t € Rand s* +1* < 1} is not a subspace of R3, since, for example,
x = (0,0,1)T € S, but 2x = (0,0,2)T ¢ S.

Exercise* 3.

(a) True. Let S ={ A € R""| A is symmetric }. Clearly, O € S, so S is not empty. Let now A
and B belong to S and let o be a real number. Then AT = A and BT = B, and

(A+ B =A"+B"=A+B,

so A+ B € S. Furthermore
() = aAT = aA,
so oA € S. Thus S is a subspace of R"*™ as claimed.

(b) False. Let S = { A € R**?| Aissingular}. Then S is not a subspace of R?*?, since, for

example,
10 0 0
A_(O O)eSandB_(O 1)65,

because det(A) = det(B) =0, but A+ B & S, since det(A + B) = det(I) =1 # 0.



(c) True. Let S = {f € C[-1,1]|f(—1) +£(1) =0}. The zero function belongs to S, so S
is not empty. Let now f,g € S and « be a a real number. Then f(—1) + f(1) = 0 and

g(=1) +g(1) =0, so
(f+g)(=1)+(f+g)(1) = f(=1)+g(-1)+f(1)+g(1) = £(=1)+f(1)+g(-1)+g(1) = 0+0 =0,
so f +g € S. Moreover,
(af)(=1) + (af)(1) = af(—1) + of (1) = a(f(-1) + £(1)) =0,
so af € S. Thus S is a subspace of C[—1,1].

(d) False. The set { p € P;| p has degree greater than 4 } is not a subspace of P, since it does
not contain the zero polynomial.

Exercise* 4. Note that det(A) =5 # 0, so A is invertible. Thus, by the Invertible Matrix Theorem,
the only solution of Ax =0is x =0, so N(A) = {0}.

In order to determine the nullspace of B bring the corresponding augmented matrix to echelon
form:

1 2 -3 =210 ~ 1 2 -3 =210 1 2 -3 =210

2 4 -5 1 |0| Ry—2R; 00 1 510 ~ 00 1 510

-3 -6 8 1|0 Rs + 3R, 00 -1 =50/ Rs+ Ry 00 0 010
The free variables are x5 and x4, so set 9 = « and x4, = (3. Then 3 = —5x, = —503 and

r1 = —2x9 + 3x3 4+ 224 = —2a0 — 150 + 20 = —2a — 133, so

T —2a — 1343 -2 —-13
T2 | « _ 1 0
Y e e e N R R
Ty 164 0 1
that is,
-2 -13
1 0
N(A) =< « 0 + 0 5 a,feER
0 1

Exercise 5. Clearly, O € S, since FO = O, so S is not-empty. Let A, B € S and let « be a scalar.
Then FA =0 and FFB = O, and it follows that

F(A+B)=FA+FB=0+0=0,

F(aA) =aFA=0a0=0.
Thus A+ B € S and aA € S, that is, S is a subspace of R4,

Exercise 6. First we show that U NV is a subspace of W. Note that since neither U nor V are
empty, they must both contain 0. Thus 0 € UNV, hence UNV is not empty. Let wi,wo € UNV
and let « be a scalar. Then wy and wy belong to both U and V, so w; + wy and aw; must belong
to both U and V' (since both U and V are subspaces). Thus wy +wy, € UNV and aw; e UNV,
that is, the intersection U NV is a subspace of W.

In order to see that U + V' is a subspace of W, we first note that 0 € U + W (0 belongs to
both U and V,s0 0 =040 € U + V), thus U 4+ V is not empty. Let now wi,wy € U + V and
let o be a scalar. Then there are vectors u;,us, € U and vy, vy € V such that

W1:U1+V1,

Wy = Ug + Vo.



Thus, by axioms (A1) and (A2),

W1—|—W2:(U1+V1)+(U_2+V2>:(U1+UQ)+(V1—|—V2>€U+V,

since u; +uy € U and vy + vy € V. Moreover, by axiom (A5),

aw; =a(u;+vy)=au+av, e U+V,

since au; € U and avy; € V. Thus, the sum U + V is a subspace of V.

Exercise* 7.

(a)

True. {(1,0,0)7, (3,1, 1)T, (0,1,2)T} is a spanning set for R®. In order to see this, let (a, b, ¢)”
be an arbitrary vector in R3. We need to find oy, as, g such that
1 3 0 a
ap [0+ |1l +az|1l]|=|b],
0 1 2 c

that is, the «; have to satisfy the system

o)+ 30&2 = a
oy + o3 = b
ay + 203 = ¢

Using Gaussian elimination, this system is equivalent to the system

oy + 3062 = a
g + a3 = b
a3 = c—b

which has the solution a3 =¢c—b, as =b—a3=2b—¢, oy = a — 35 = a — 6b+ 3¢, so

a 1 3 0
bl =(@—6b+3c) |0 +(2b—¢c) 1| +(c=0)|1],
c 0 1 2

that is, the set is a spanning set for R? as claimed.

True. {(1,0,0)7,(3,1,1)7,(0,1,2)7,(—1,3,4)"} is a spanning set for R®, because by (b) it
contains vectors which already are a spanning set for R?.

) . . ) b\ . .
True. {E11, E1a, Eo1, Ex} is a spanning set for R?*2| since if (CCL d) is an arbitrary vector

in R?*2 then

a b 1 0 0 1 0 0 0 0
(c d)za(o 0)+b(0 O)+C(1 O)+d(0 1)=aE11+bE12+CE21+dE22-

False. In order to see that {p;, p2} is not a spanning set for P, let p be an arbitrary polynomial
in Py, say, p(x) = a + bx + cz®. If {p1, p2} was a spanning set for P, there would be real
numbers o and a9 such that
a1p1 + P2 =P,
that is
a1(2 4+ ) + ax® = a+ br + ca’.

Comparing coefficients shows that a; and ay would have to satisfy

20 = a

(03] =

Ay =

which is impossible if a # 2b.
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